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Figure 3.1-7 Amplification of accidental
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() Example 4.1 As shown in Figure 4.8, a two-layer shear-type frame structure, each
layer of mass is known, which is m, = 60t, m, = 50t, the first layer’s lateral stiffness is k,
= 5x10%kN/m, the second floor of the lateral stiffness is k, = 3x104kN/m. Solve the

problem of the system’s natural frequency and vibration of the structure, and verify the
orthogonality of its main mode.

X15=1.0 X55=-1.0
NN ~
msy, kz
X,,70.488
NN
my, ky
T i T
(a) Frame (b) The first vibration shape (c) The second vibration shape

Figure 4.8 Two-layer shear frame structure and vibration mode.
Solution: According to (4.8), the inter-layer stiffness coefficients of the frame layers
can be obtained respectively:

k, =k +k,=5x10"+3x10* =8 x10'kN/m

k, =k, =—k, =-3x10*kN/m

k,, =k, =3x10*kN/m

8x10* — 600 -3x10*
-3%10" -3x10" - 500"
Expanding the above equation, there are 0.00003w; —0.058®_ +15=0

=0

Solving the above equation, there are w,,, = 17.54rad/s, o,, = 40.32rad/s.

Now, the corresponding periods are respectively:

T,=2n/w, =2r/17.54=0.358s, T,=0.156s
According to equation (4-17):

T 2 _ 4
For the first vibration shape: Kip = BOXUHE ~8X10) 1
Xi ki, -3x10° 0.488
For the second vibration shape:
X,, mo,,—k, 60x4032°-8x10" 1

X, k;, -3x10* T 1710
The above modes are shown in Figures 4.8(b) and (c), respectively.

Next, the orthogonality of the main mode will be checked, for the mass matrix and
stiffness matrix, according to equation (4.26) and equation (4.27), it can be obtained
that:

{x} im{x} ={x} (mM){x} =(oas8 1
60 0 :H 1.710 }zo
0 50 1

44
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From equation (4-12), the frequency equation is given as follows I
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{x} n{x}, ={x} m{x} =(o4ss 1
[ snu snn H 1.2(1 }=u
{x} k)x} ={x} Ki{x} =088 1

Y s

The generalized mass and generalized stiffness are given by (4.47) and [4.48) as follows:
{X} (M{x} =M, =649t
{x} K){x} =K, =1.977kN/m

{x} (M X}, = M, =22545t

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I .
: {Jr:}2 [M]{x}2 = K, = 36.65kN/m

A
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: 4.4.2 Damping Assumptions

| For viscous damping, it is assumed that the magnitude of the damping force is
| proportional to the velocity of the particle vibration. The direction of the damping force
I is opposite to the velocity. In the multi-degree of freedom system, each particle is
I vibrating, and the dampmg force acting on the particle i is affected not only by the
' vibration velocity &, of this point, but also by the vibration velocity #; of the point j.
I Therefore, the dampmg of the multi-degree of freedom system gives the matrix [C] as:

(4.104)
€1y Cia Ch
c C C
- 21 22 n
[C]=
fl'l CiZ CJ} cm

In which, ¢;; is the damping force of point i generated by the j-point unit velocity.

Through the above analysis, it can be indicated that the mode of the system is
orthogonal to the mass and stiffness, but the damping matrix does not satisfy the
orthogonal condition. Therefore, at normal circumstances, it can only obtain a set of
mutual coupling differential equations about the mode coordinate. In order to facilitate
the decoupling of the equations group, the modes should be orthogonal to the damping
matrix. The damping assumption of the two degrees of freedom systems will be
presented next.

(1) Rayleigh Damp

Assume that the damping matrix [C] is a linear combination of the mass matrix and the
stiffness matrix, thus, the system is a proportional damping or Rayleigh damping, that
is:

[Cl=aM]+ BIK] (4.105)

In which, a, # are proportional constants. Meanwhile, the modes of the system are
orthogonal to the damping matrix, therefore:

XY [CHXY, =1X}] (el M+ BIKI)EXY, (4.106)
(XF[MUXY,+ BUXY (KT{X),
0 i#j
¢ =(a +Bol )M, i=]

in which, ¢, is the generalized damping coefficient of the j-th order mode. The damping
ratio of the j-th mode can be obtained from the below equation.

=12 4 Bw,) (4.107)

T 2w,
In addition, if the first and second order frequencies of the system and the
corresponding damping ratio are known, the proportional constant «, 3 can be obtained
by using the following equations.

.108
a+ ol =2, (4.108)
a*‘ﬁwﬁz =26,,,
Solving it:
2&3"[(9,,,(@'[(;)”, {m,)  p= Z(Cza},,z—glw,,l) (4.100)

2 2
nl nl &)nz '_mrrl

After both a, f have been determined, substituting them back into equation (4-107) will
obtain the natural frequency and damping ratio of the higher order mode acecording to
+ the each-order natural frequency.

., o,

74
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: (2) Cauchy Damp

| Cauchy Damp is also known as the extended Rayleigh damp. By comparing the above
Rayleigh damping, it can be known that the proportional constant a, f are determined
by the first and second order frequencies and the damping ratio. The higher order
damping ratio is determined by equation (4.107). which means that Rayleigh damp may
only satisfy equaling to a given damping ratio at two natural frequency points, whereas
higher order damping is generally not consistent with the actual measured results. In
addition, the higher the order of chosen vibration modes is, the greater the error is,
which is an inadequacy of Rayleigh damp hypothesis. Therefore, if it is required to
satisfy equaling a given damping ratio at more frequency points, it is necessary to
construct a linear combination with more items. The damping matrix construeted by the
following form can realize this aim, which suppose the damping matrix is the matrix
that is proportional to Cauchy matrix series, thus, the damping matrix can be taken as

follows:
n—1
v -1 =1 m (M)
[Cl= 0, [M]+ 04 [K]+ 0, [KIIMT (K] +..= (MY et, (] [K]")
rr=]
In which, a,.q,, ...,a,_, are n undetermined constants. By using the generalized

orthogonality, it ean prove that the Cauchy damping matrix satisfies the orthogonality,
thus, the following formula is established when i # J:

n—l

{x} efx}, ={x} 1Y e, (rxrm){x}, =0

=}

(4.111)

When i = j, the general diagonal elements ¢; in the generalized damping matrix [C] is:

) n=| ; (4.112)
G- Sain
=l
It can be obtained by the above equation that:
n—| [ ] 1 ]3)

5= E z&(&); ;
e=l)
Substituting the known n-order natural frequency and the measured n-order damping
ratio into the above equation, n linear equations and n undetermined constants can be
obtained by simultaneous solution of those equations. This demonstrates that the
assumed damping ratio and the actual measurement results are completely consistent.

L2 Example 4.9 The damping ratio of the first three order modes ratio of a three
degrees of freedom system have been known, ¢, = ¢, = ¢, = 0.05, and the mass matrix of
the structure and the stiffness matrix are as follows. Solve out the damping matrix.

180 0 0 98 —98 0
MI=| 0 270 0 |J[Kl=| —98 294 —196 |x10°
0 0 270 0 —196 441

Solution:

The first three order frequencies of the structure are obtained by using the equation:
[K]-}[M]=0

>

®,,0,,,0,,=13445, 30.144, 46.661(rad/s)
(1) Assuming to be Rayleigh damping
According to (4.109):

. 20,,0,,(§,0,, - §,0,,)
mjz “mﬁl
_2X13.445x30.144 x (0.05 X 30.144 — 0.05 X 13.445)
- 30.1447 — 13.445?

So, substituting it into the equation (4.105):

=093

Yo
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39280  —225.40 0
—22540 92730  —450.80 |kNes/m
0 —450.80  1265.40

Using equation (4.107), it can obtain the third order mode ratio

9
Il

)
(2% L 0.0023x46.661)=0.0636

b= 246,661

I Tt can be seen that there is a large difference (27.20%) between the third vibration
: damping ratio (basic damping 0.0636) and the actual measured value (0.05) obtained
, by the damping ratios of the first and the second vibration mode.

: (2) Assuming to be Cauchy damping
1 Applying the equation (4.113), it can obtain equations group as following

0.05=05x% (et /13.445+13.445¢, +13.445°,
0.05=0.5x (0r, /30.144 + 3014401, +30.144°x,
0.05=0.5x (0, / 46,661+ 46,661, +46.661°a, )

Solution a, = 0.847, a, = 0.00284, a, = —4.96x1077 and then, according to equation
.110):
[Cl= 0, [M]+ e, [K]+ o, [K][M][K]

Substituting the known conditions into it can obtain:

386.497 —198.801 —35.236
[C]=| -198.801 807.952 —292.371 |kNes/m
—35.236 —292.371 1054.014

\A
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