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Introduction

* In discussing the analysis and design of
various structures, we had two primary
concerns:

— the strength of the structure, i.e. its ability to
support a specified load without experiencing
excessive stresses;

— the ability of the structure to support a specified
load without undergoing unacceptable
deformations.



Introduction

— Now we shall be concerned with stability of the
structure,
e with its ability to support a given load without
experiencing a sudden change in its configuration.
— Our discussion will relate mainly to columns,

* the analysis and design of vertical prismatic members
supporting axial loads.

- Structures may fail in a variety of ways, depending
on the:
* Type of structure ¢ Conditions of support
* Kinds of loads e Material used

Introduction

Failure is prevented by designing structures so that
the maximum stresses and maximum
displacements remain within tolerable limits. l

Strength and stiffness are important factors in
design as we have already discussed

Another type of failure is buckling

If an element length is an order of magnitude large
than either of its other dimensions and is under :
compressive load, it is called a columns.

Due to its size its axial displacement is going to be T

very small compared to its lateral deflection callec
buckling.
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Introduction

 Quite often the buckling of column can lead to
sudden and dramatic failure. And as a result, special
attention must be given to design of column so that
they can safely support the loads.

* Buckling is not limited to columns.
— Can occur in many kinds of structures
— Can take many forms
— Step on empty aluminum can
— Major cause of failure in structures

Critical Load

* This is analogous to a ball placed on a smooth
surface
— If the surface is concave (inside of a dish) the equilibrium is
stable and the ball always returns to the low point when
disturbed
— If the surface is convex (like a dome) the ball can

theoretically be in equilibrium on the top surface, but the
equilibrium is unstable and the ball rolls away

— If the surface is perfectly flat, the ball is in neutral
equilibrium and stays where placed.



Critical Load
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Small diformation
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Fig. 1.2 Potential energy V as a function of displacement of the sphere in Fig. 1.1. (i) Stable,
(ii) neutral, (iii) unstable,

Buckling & Stability

Consider the figure, Hypothetical structure

Two rigid bars joined by a pin the center,
held in a vertical position by a spring

Both end have simple supports at the end
and are compressed by an axial load P.

Elasticity of the buckling model is
concentrated in the spring ( real model can
bend throughout its length)

Two bars are perfectly aligned
Load P is along the vertical axis
Spring is unstressed

Bar is in direct compression



Buckling & Stability P

* Structure is disturbed by an external force that W
causes point A to move a small distance
laterally.

|

Ly |
* Rigid bars rotate through small angles 6 A=8(5) -

* Force develops in the spring

* Direction of the force tends to return the
structure to its original straight position, called
the Restoring Force.

* At the same time, the tendency of the axial compressive force
is to increase the lateral displacement.

* These two actions have opposite effects
— Restoring force tends to decrease displacement
— Axial force tends to increase displacement.

Critical Load

* Now remove the disturbing force:

* |f P is small, the restoring force will dominate over the action of the
axial force and the structure will return to its initial straight position,
in this case Structure is called Stable.

* if Pis large, the lateral displacement of A will increase and the bars
will rotate through larger and larger angles until the structure
collapses, in this case Structure is unstable and fails by lateral
buckling

* Transition between stable and unstable conditions occurs at a
value of the axial force called the Critical Load P_,.



Critical Load

Find the critical load by considering the
structure in the disturbed position and consider

equilibrium Ptan®

*Consider the entire structure as a FBD and sum
the forces in the x direction

Next, consider the upper bar as a free
bodySubjected to axial forces P and force F in the
spring Force is equal to the stiffness k times the
displacement A, F = kA, Since 0 is small, the lateral
displacement of point A is 0L/2, Applying
equilibrium and solving for P: P_=kL/4

2Ptan@=2PO=4PA/L=F = KA Ptan®

trivial: A=0
nontrivial : P, = KL/4

Critical Load

e Which is the critical load

— At this value the structure is in equilibrium regardless
of the magnitude of the angle (provided it stays small)

— Critical load is the only load for which the structure will
be in equilibrium in the disturbed position

— At this value, restoring effect of the moment in the
spring matches the buckling effect of the axial load

— Represents the boundary between the stable and
unstable conditions.



Critical Load

* If the axial load is less than P_, the effect of
the moment in the spring dominates and
the structure returns to the vertical position
after a small disturbance — stable condition.

* If the axial load is larger than P, the effect
of the axial force predominates and the
structure buckles — unstable condition.

Critical Load

* The boundary between stability
and instability is called neutral
equilibrium.

* The critical point, after which the
deflections of the member
become very large, is called the
"bifurcation point" of the system.

Unstable
equilibrium

equilibrium

Stable
equilibrium

Bifurcation point

—
Neutral —

0
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Fig. 1.20 Buckling modes for the system in Fig. 1.19.
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The distance between the two load points (x-coordinates) can be deter-
mined from
dx = dscos

Substituting Eq. (1.11.10) into the above equation yields

cos # dif
v2ks/cos 8 — cos B,

dx =

Integrating (x,, 15 the x-coordinate at the midheight) the above equation
gives

['T"' | /“ cos A df | /” cos # dff
dx = — = — _ or
Jo V2k Jg. \/cos @ — cos @ VikJo V2cosf — 2cosf

1 cosf di

Xm = o7 ——
2;\‘ i ..'I . 2&(. 28

'\’I.: 11 E — &Il —

2

Recall sin (#/2) = asing and df = 2acospdd/\/1 —a® sin” @

and cosf = cos® (8/2) —sin? (8/2) = 1 —2sin* (/2) = 1 —2asin’ ¢

1 /"ﬁ* cos 8 dd
o = —_—
Ek 0 .'II . 38.:. 2&
's’l; 51n 2 5111 2
1 [™2 (1 —2a®sin® ¢)2a cos P dep
2k Jfo \ffrrﬂfj — a2 sin” nr;'fvx,-j] — o2sin’ ¢

1 /” (1 — 202 sin? ¢)dg

kJi

» ¥
V1 —a?sin’ ¢

Xp = 2%y = E /‘W';j [2{] = &2 Sinz ¢,::. ﬂ_ 1](]’(1')
9 V1= alsin2

4 ™ e
e V1 — acsin® ¢ de

k.ll

5 prf2 :
—:/ __ 9Bk
k Jo \/l—ﬁzﬁirlz{ﬁ' k




where E(a) is the complete elliptic integral of the second kind

x _ 4E(a) |- 4E(a) I
e~ TP
VEr "\ P

The complete elliptic integral of the first kind can be evaluated by an intinite
series given by

=

0 V1—aZsin®g
T 142 1:332 1:3:5\?
= 5{1 i (E) a? + (ﬁJ ot + (2-4-(7) a® + ] with o® < 1

Summing the first four terms of the above infinite series for & = (.5 yields
K = 1.685174.

Likewise, the complete elliptic integral of the second kind can be evaluated
by an infinite series given by

E = /ﬂ V1 — a2sin? ¢ do

. 1"\, 1-3\2at 1-3-5\2a® bl <1
N —_ — = —_— —_— —_— e BB oW rt =
2 2]« 24) 3 \23%6) 5 with @

Sumumning the first four terms of the above infinite series for & = 0.5 vields
E =1.46746. These two infinite series can be programmed as shown or can




Table 1-1 Load vs. deflection data for large deflection theory

o/ rad K E o P/Pg Ym/t Xol€

0/0 /2 w2 0 1. A 1.

20/.349 1.583 1.5588 174 1.015 A10 0.9700
40/.698 1.620 1.5238 342 1.063 211 (0.8818
60/1.047 1.686 1.4675 500 1.152 296 0.7408
90/1.5708 1.8539 1.3507 707 1.3929 3814 0.4572
120/2.0944  2.1564 1.2111 B66 1.8846 4016 0.1233
150/2.618 2.7677 1.0764 9659 3.1045 349 —(,2222
170/2.967 4.4956 1.0040 599 8.1910 2222 —{1.5533

179.996/m 1255264 1.0000 0.9999999999 63.86  .07966 —(0.8407

Figure 1-25 Postbuckling shape of wiry column

2.2.2 Initial bow or lack of straightness

Figure 2.3 shows a uniform elastic pin-ended strut which is slightly bowed

- when it is not loaded. w and W represent the transverse displacements (from
the load axis) when the strut is, respectively, loaded and not loaded,

. The bt_anding moment in the loaded strut is M = Pw. The bending moment
1s proportional to the change of curvature: -

j R | _
M= e
El ( R Ro) (2.16)

where




Elimination of M results in the differential equation:

d*w T d?w,

122 where  p? = P/EL. (2.17)

Whatever the shape of the unloaded strut, it can be represented as a
Fourier series

wD=Za;sin%, i=12,..,00, (2.18)
in which the amplitudes g; are known or can be found by measurement.
Similarly, the displacements of the loaded strut can be written
w=2&isin?, o 1Ty o9 (2.19)
in which the amplitudes &; are to be found.
Substitution for w and w, in Eq. (2.17) gives

g imx imx i’n® | imx

—Z&f—ﬁ—sin T"“#zzaiSin T=—ZHI_L‘2'—‘51H ‘—f-—'. (2.20)
The ith term is obtained by omitting the summation signs:
22 =22
g sin g sin = —arrsin . (21)

If this is satisfied for all values of i, then Eq. (2.20) is automatically satisfied.
It is not difficult to reduce Eg. (2.21) to

a - a G where P e El
N — T a, = ———— / . t— A
STy ° S 2
(2.22)

The effect of the thrust P is to increase the amplitude of the ith term of the
original Fourier series by an amplification factor, 1/[1 — (P/P;)], which becomes
infinitely large as P — P;.

Provided the shape of the unloaded strut is known and can be broken
down into its Fourier components (g;), then the Fourier components for the
loaded strut (@;) can be found from Egq. (2.22); the total deformation of the
loaded strut can be found from Eq. (2.19).

Suppose the load is increased steadily from zero. As it approaches the first
critical load (P,, or Pg), the amplitude of the first mode becomes very large—
larger than all the others, which can be neglected in consequence. It follows
that for loads close to the Euler load, the displacement can be written

a; |

w = I_-TP“;’F;) sin —. (2.23)



(W)xﬂim

Transverse Load:

Uniformly Distributed Transverse load (pin ended):

2
M=PW+-q—L-x_2£__
2 2

d?w 5
A 2 =_q_ ey ek
a2 THEw EI(Z 2)

. 2
w = A sin ux + B cos ux + 2 _x_f-___lz_) P O L ‘
b . —

X
2 2 gL M T
u S 1
x {C
The boundary conditions e %
i
w=0atx=0andx=L, (4 (1=cospL) _ 4 o AL
~ Pu*\ sinuL Pu? 2
d it - 2 (x2 — x1).
W=E§(tan75m#x+cos px 1)+2P( )

PR B S |
-at x=L2: wm“=P—,uz(secT_1)_8P’ M. P sec —



Uniformly Distributed Transverse load (pin ended): continue

5 gI? ql?
- Mme e 3
Wmax = 38 EIﬁ b =8 Ba

12 2
El S¢4{ (SEC¢_ 1) ¢2}1 ﬁ;’.:? (SEC ¢|_ 1],
Gt } : ‘
2 P
]_
P‘: i
3 B Galso B, By, —L )
A
0 ] ok | o A T
1 1§ 3 253 4 5,67 8910
B
Central point load (pin ended): z
4 B
Q Pt x P
M=+Pw+—x 0 Q
2| 5 3
dz Q *Z S
= EMCY. A 5, gy
dx* = %,

B =0;

P o = P =
2EI 2
w=A sm + B Q ;9 = c !
= cos e 2
Hx Hx 2Px'

The boundary conditions

(w=0at x=0 and w=0 a x=Lf2)
Q uL

] A___'
; 2P#SBC o

Q / sin
=§F(___“xy_fhx), 0<Sx<Lp

CO5 —
sl
uL uL
tan — tan —
B L W™ s =l e 2K !
4P ].I_L max 4 ,U.L
5 i



3 o 9L Central point load (pin ended): continue

v B tan ¢ z_‘{:_
Ba-&i(tanﬁb—‘i’)s Ba= I(; . 2 \/7 \/P—E

End-couples: stiffness and carry-over factors

— (M, + M)/L.
dz
M= +Pw+Sx+ M,= —EI———
d_23+ 2, 5% _M,
& T T TR
S M
w=ASin,ux+Bcospx—§—— P“.

The boundary conditions are;

w=0 and w =40

w=0 and - w =0

M.r:.!:'sk@as Mb=CMd

_ (pL/2)(1 — pL cot pL) B uL — sin puL
~ tan (uL/2) — (uL/2) ° sin uL — pL cos uL’
El

k=f'



Tensile Axial Force, (4 < 0): Compressive Axial Force, (g > 0):

J? cosh § — 1 sinh o ¢ sin ¢ — ¢p* cos d

Stability

funCtlonS :2—2c05h1b—ljxsinhlb' '_“2~2c051f)—rbsind}
2 _ .
PI? SC= § sinh § — sem 2 'i’smd)r
w°EI , ‘ S
in which *=-n’g...... in which ¢*=="q ......
_ (uL2)(1 — pL cot ul) X pL — sin pL
" tan (pL/2) — (uLf2) €=sin uL — uL cos uL’
EIl
k:—j:.
15 5
L R | S 1 1 I ! ! !
=12 =10 -8 -6 -4 -2 0 2 4 6 B 10 s5;¢
-1
=
& £ s
-4

1.13. INELASTIC BUCKLING OF STRAIGHT COLUMN

1.13.1. Double-Modulus (Reduced Modulus) Theory 3

Assumptions i

1) Small displacement theory holds.

2) Plane sections remain plane. This assumption is called Bernoulli, or
Euler, or Navier hypothesis.

3) The relationship between the stress and strain in any longitudinal fiber is
given by the stress-strain diagram of the material (compression and

tension, the same relationship).

: L
4) The column section i3 at least singly symmetric, and the plane of bending
is the plane of symmetry.
5) The axial load remains constant as the member moves from the straight
to the deformed position.
P Loading E, governs {5\ !L

P=F

[

Unloading E governs




l_dzw_@

p dY  dx ——

7zd0=¢dx & zdf=e,dx | ] R

2d0/ dx=¢, & zzdé?/dx=£2/ &)
§ =W & =2W ’ B |

O, = Egl = EZIW o= Eg

2
t ]
& Bk Inside & \d

" " p p . > @y A
concave Compressive >
o,=E & =Ezw Or =g Outside
2 t™2 tzz Ep: the slope of stress-strain L convex
curve al o=a,,

[o1dA +[o,dA = [ EzWdA + [ E,zwdA =0
A A A A

w(E[zdA +E, [ 7,dA)=0= EQ +EQ, =0

A A
jalzldA + jazzzdz@ = jEZfW"dA + IE,Zf wdA =-Pw
A A A A

W (E[ZdA+E, [ 2dA)=—-Pw=> (EI,+ EL,)W + Pw=0
A A

EI
EI=El+EI, =E, =%

Tangent-Modulus Theory

Assumptions

The assumptions are the same as those used in the double-
modulus theory, except assumption 5. The axial load increases
during the transition from the straight to slightly bent position,
such that the increase in average stress in compression is
greater than the decrease in stress due to bending at the
extreme fiber on the convex side. The compressive stress
increases at all points; the tangent modulus governs the entire
cross section.

If the load increment is assumed to be negligibly small such
that: AP <<< P

EL"+Py =0



An axially loaded, simply supported column is made of structural steel with the

following mechanical properties:

E =30000 ksi;or =28:0ksi o, =36ksi; and tangent moduli given in Table 1-2.

Tangent moduli measured
otoror(ksi) 28 29 30 31 32 33 34 35 355 36

T=Et/E 1.00 098 096 0.93 0.88 0.77 055 0.31 0.16 0.00

hy + h, Locations of NA:

TEQi+LEQ =0 hi+h =h

' JIE; ."!2
: Q= f z1dA Q = / z2dA
i 0 Jo

NA | f

' In S I} 2
! Q = / zihdz) = ;2—?25 B = M%
% N ¥ Jo 0 <
Lﬁ_,.z_l.‘ Q = —(hi2/2)
—_ 7q——p+ Z
Ebhl2 /2= Etbhz2 /2= Eb(h— h1)2 /2
h =hJE (NE+E) & h =hE(JE+,[E)
R A A SN/
'3 3 (E+JE) * 3 3 (JE+JE)
_EL+EI, 4EE,
T TJEEY
EvE h1 ."Ih 1'1.” Iz i [1} = [4J [{3} -+ {5” T, Ty T, 7/t [[?}u"l{-l.:l]
(1) (2) (3) (4) (5) (6) (7) (8)
L.00 A000 5000 A000 5000 10000 25.0 2R.00
(.98 4975 4925 A076e 44975 1,9599 29.0 29.60
(.96 A5 AR4E S155 0 4948 0.9797 3000 31.25
(.93 A910 4733 L2770 4908 (1.9641) 3.0 33.33
(he8 48540 4336 L5495 4H35 1.9371 320 36.36
077 Aa74 4084 A044 4654 1.8738 33.0 42 86
(.35 4258  30=H 7372 4165 0.7253 340 fl.82
.31 35760 1830 10602 3287 05116 35.0 112.90)
.16 2H5T 0933 1.4577 2332 0.3265 35.5 221.88
oo 0000 0o0g 40000 k0 L0000 36.0 oo




2) The value of T, and £/r for P/A = 28, 30, 32, 34, 35, 35.5 ksi using the
double-modulus theory and assuming that the cross section of the
column is a square of side h.

3) The critical average stress P/A for £/r= 20, 40, 60, 80, 100, 120,
140, 160, 180, and 200 using the tangent-modulus theory in the inelastic

range.
Eir o, £fr Ac For asc ot o Remarks
12,83 28.0 2000 2.21 f.49 7.402 7.402
100,53 29.0) 180 1.95  RK.01 9.1 ::.'IH 9, l.?'ﬁ elastic
UK.33 30.0 16t 1.76 [0 14 [ 1.266 11.266
U5.96 31.0 140 1.54 13.25 15.107 15.107

93,12 320 120 132 18.03  20.562 20.562
88,54 330 100 110 2164 29.609 29.000
79.47 340 80 088 23599  46.264  33.200
65.79 35.0  6b) 0.66 2997 82247 34.200 b 7y, from graph
52.18 355 40 044 3318 185.055  35.300
0.00 36.0 20 022 3527 740.220 35.990
() 000 36,00 oo 36.000 /

Example : Consider Simply supportedcolumn with rectangular cross section and Stress— Strain relation :
o, S5Eeg .
oc=—|4+tanh(—-4)| for c>0, &oc=E¢ for c<o, where oc,=08c, Find: o-L/r
5 p p p Y

y

relation for E,E & E..

Tangentmod uluse: E, = (;—J = E(l —tanh® (% - 4)] = E(l — (5—6 — 4)2J
o o

& y y
Reduced modulus: E, = (\/—;f%
7*E E —ﬁzE’ = E
(O-cr)E = m = (I/T)E =r (Gcr)E & (O-cf)r - (L/I‘)f = (L/I‘)r =7 (O_C[)r
@.), TE (Lr), =7 |

() (©.),



O'/O'y

0-0.8
0.82
0.84
0.86
0.88
0.9
0.92
0.94
0.96
0.98

1.2

0.8

o/o

0.4

0.2

(Lr), /\/E
O_y

E/E  EYE  Er/E WWE “/f)r/\/f:;
1 1 | 3.141 Jo,/o 3.141(0,/0 3.14147/°
1099 0995  3.469 3.452 3.461
I 096 0980  3.428 3.359 3.393
1 091 0953  3.388 3.232 3.308
1 084 0915  3.349 3.069 3.203
1075 0862 3312 2.868 3.074
1 064 079 3275 2.620 2911
I 051 0694  3.240 2314 2.700
1 036 0563  3.206 1.924 2.405
1019 0369  3.173 1.383 1.927
1 0 0000  3.142 0.000 0.000
== double
\\ — tangent
\\\
T
) . 0 2
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L=FIvy £
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T =/ AVYE
For f AYVE,

A

I
L=KL/r
(Fer) &
K (F-F-T-1+) alul,

S, T
I (F—F-F—1e] alal,
|
|
|
I -
F =KL

I3



APPROXIMATE METHODS: SUBSTITUTION OF A
SYSTEM WITH A FINITE NUMBER OF DEGREES OF

SO L D, PV AL LK1 Taiera PR NUMEBER

APPROXIMATIONS USING CONTINUQUS
DISPLACEMENT FUNCTIONS

| Intensity, . of tranverss Joad

Rayleigh-Ritz method: approximations usin | T
! gl 451 T,

one degree of freedom

X A —_— |

J

L L =
W"zdx—g ! w2 dx— ! gwdx w= ad(x)

=

=

L
V=U+VP=jE
)2

ZLEI n2 P 2L 12 f
V=U+V,=a j7¢ dx——a [¢7dx—a qgdx
0 0 0

L

av_ a[f El¢"* dx— PT ¢’2dX] - j qpdx=0

da 0
L L
f qpdx I El¢" dx
Trivial Sol.: a=— 0 - Nontrivial Sol.: P, =+
[ E197dx— P pdx [#7dx
0 0 0
Example No. |

Suppose that the strut is pin-ended and has a uniform cross-section (EI
constant). A suitable deflected shape might be the parabola,

o(x) = xL — x%.
Substitution in Eq. (1.101) yields the following result for the critical load:

EI .{L(—Z)i dx

g
J'EI¢I12dX P = e 11?1
I 0 | (L — 2x)? dx
J¢'2dx
0
A—
R © N



Example No. 2

A better approximation is possible if the parabola is replaced by the deflection
curve for a simply supported beam with a uniformly distributed load:

dlx) = x* — 2x°L + xD2. (1.104)

This satisfies all the boundary conditions for a pin-ended strut (p=¢"=0at

x =0, L) and it is easy to show that when it is used in Eqg. (1.101), the critical
load is :

P= 9'8§E". _ (1.105)

This is almost indistinguishable from the correct value. Clearly, the best

approximations are obtained when ¢(x) is chosen to satisfy all the boundary
conditions

Example No. 3
Suppose that a sine curve is chosen as the displacement function:

2
¢(x) = sin —ﬂfx ; | abx)= E cos n—; ;o @(x)= — ?—;‘5 sin EE (1.106)
Equatio.n (1.101) gives the critical load as
L 4 4
Bl [ Tosin? Zax gl
s I I I*2  n2El
S e o - e (1.107)
-_.- - 2 S s
Jo s 4 dx 73
{W/fu
™ b
)
(-
i knd oomw n’ L S
[[@rax=[ foos’ Fax=77.
L LIS AR
-L EI($")? dx = 2 jo (0.4EI)  sin® = dx
L2 ;'T." X T b
+2 [ (EI)Tzsin? I dx N
L L L 8 X
Ll 1 z_n) = [
= 0.8EI 73\5 "3z 3 = - Dﬁ
wtL{L E L. L 2_n) N
+2EIE§(§—§;smn—§+2nsm 5

nL 14
= EI 755 (08 x 0.04864 + 2 x 0.4514),



P
:::=| JEI5 I %ﬁ

l L/5 l LS ! L/5 l
. X
X) =sin—
P(x) i
L/S 41/5
IEI(X)WZdX = J' (sm—) dx+ I(sm—) dx+— I (s1n—) dx ,
P, = = > sl ’z EI = 92936%
12
dx cos—)°d
! ¢ j (cos 7? dx
) EI
Exact Solution: P, =8. Slf Err:9.2%

Rayleigh-Ritz methodt: approximations using
two or more degrees of freedom

L L L
V=U+VP=JE gjwzdx—_[qudx w=> a(x)
0 0

0

V=U+V, = j L (S a1 ))zdx—gj(Za,.ﬂ(x))zdx—qua,.yﬁidx

0 0

g f 1> a0 (x)dx— P_[ (S agi (0 (x)dx- jqqﬁdx 0 j=12,.
TEI (¢ dx j EIfipldx .. fEI(;s;'qﬁgdx f¢1 dx j doldx ... f¢;¢;dx_ fq¢1dx
0 0 31 0

~c
l_,o

or: || | Elgildx J El(@ dx .. [EIgigldx |_ pl [gididx J(¢2) X . f¢;¢;dx 2| _ chﬁzdx

0 0

L

[Eggax [Eggas [ ErgFas f¢;¢;dx [agax [ ax [ asux

0

or: ([Ul-PVDiaj=la} U,=[EIgidx V= [4gdx



@1(x) = (x* — 2Lx® + IBx)/I%,
@2(x) = (4x*L - 3Bx)/I} (0 <x < ‘%‘)

(24 —136p) (=75 + 42?p}] Jas | p = PI%/56EI.

(—75+427p) (240 — 1344p)||a, |

determinant of the square Matrix vanishes, viz:
455p* — 846p + 135 = 0,

_ ol
~lof

p=0.17629, 1.68305,

r—

F

9.85E1 94EI
P= and — .
r i, L
a, 24-—136p - 75 —427p
& oW - 240 — 1344p°
w = a,(¢,(x) — 0.0895¢,(x)). 5
m 9
e S T
w=a,@ +a,f, p P
——=| 2E1/5 I 2ET/5
A0=sin™ g ()=sin 2> R PR X
L L
, T X , 3z 3nx | L/5 | 3L/5 2
X) = —cos — X) = ——cos — | | !
# (%) 78T $,(x) 3 T

" ~ . = Or* . 3mx
X) =——-sin— X)=— sin —
1( ) L/z L ¢2( ) Lz L

L L
Uy =[EIxgpdx v, = [ gpdx
0 0

El EI EIl

Uy=45802— U, =U, =24451— U, =214355
4.935 44 41
PllZT %12:‘/}’2120 U22: I3
45.862E— 4.935P 24.451E
r L r {31 —0
24.451% 2143.55%— 4441P | a,
P, = 9.2233%

Exact Solution: P, = 8.51% Err:8.4%



w=a¢ +a,p,

P
——=| 2EI/5 I 2EI/5
4,(x) = sin%" 4, (x) =sin 2%" F‘" %

, T X , 2r  2nx | L/5 | 3L/5 |
X) = —CoS— X) =—C0oS— | | i
#(x) s % (%) i i
2 2
" /A » G 4r° . 2mx
I(X):_FSIHI ) (X) =— sin —

r

L L
Uy =[EIx)gpdx V= [g)dx
0 0

EI El
U, =45862—  Up=U, =0 U,=635987—
4.935 19.96
Pll:T Vo2 =Vpy =0 UzzzT
45.862531— 4935F 0 a
0 635.987 2 - 2200 [la,
L L

P =9.2936% 1>M=32.219%

crl

w=a,¢ + a,p, + a,f,

Efi

P
. X . 37x . Smx == 2El/5 1
¢|(X):Smf $,(%) :SIHT ¢3(X):SIHT
3z 3mx Smx l L5 l 3L/5

L5 |
|

’ T X ' ’ hY/4
X)=—C0S— X) =——CO0S— X)=—C0S—
# (%) s $ (%) I 3 #i(x) 3 I

2 X 97’ 2577 . SLX
2

oy T K L3
¢1(X)— L2smL ¢2(X) I sm I ¢3(X) IB s I
45.862531—4'9351[) —24.451531 —113.906531
L L a,
2143.55%—44‘2”) —2488.11% a, =0
a
SYM 23134.689%—123'371) ’
P :8'91EI Err: %5.5

crl 2
L



w=a,¢ + a,f, + a4, s

X . 27x . 3mx A
¢1(X)—SmL $,(x) =sin I #;(x) =sin I i 0L i 061
W:Ealcosg +2—nazcoszix+3—ﬂa}cos3ix R{}
L L L L : . :
. omx 4Ar 27x 977 . 3mx %N \L A
W =-">5asin— ——-a,sin—-—-a,sin—
L L L L
LEI P 2
V=U+V,+V,=| = Zaiqﬁi"(x))zdx—E [ agi(x) dx—RA
0
El 7" L Pr’
7F_( [ +16a; +8la 2)——7—(211 +4a; +9a;)— RA
WMx=04L)=A A=0.9511a +0.5878a,—-0.5878a, =0
2—V=O =123
a;
l-a 0 0 0.9511 |,
1
4(4-a) 0 0.5878 a, p oL
90 -a) =0 a=— r=-—71
—-0.5878 || a, P 7" EI
0 r
Det=0 a’—12.450+32.542=0 a,=3.733 & a,=8.717
2
P, = 7" El Exact Solution =3.725% fl
r L
P
==
w=a,sin > +a sinzlx+a sin% a A A
1 L L 3 L 0.4L 0.2L 0.4L
B
N A9 T A2
¢ El ) P R
V=U+V, + V= [ (Tad0) de- 2 [(Tagi(0) ds-RA, - Ra,
0 0
ZV 0 =123
a

wWx=04L)=A, A, =09511a, +0.5878a,—0.5878a, =0
wx=0.6L)=A, A,=0.9511a, -0.5878a,—0.5878a, =0
[ 1-«a 0 0 0.9511  0.9511 |[a,
4(4-a) 0 0.5878 —0.5878 ||a,

99-a) —0.5878 —0.5878]<a, =0

09511 0.5878 —-0.5878 0 0 L
109511 —0.5878 —0.5878 0 0 |lr,
P 2r 2
a=— L =——F— L=———
p cEN BTt
2
Det=0 a=9 P, 9%



e S
AN iy i
0.4L 0.2L 0.4L
| N8 |
yayy N T T A2 AN

. X . 2mx . 3nx . dnx
W=3lsm—+32SmT+a3smT+a4smT

V=U+Y,+ V= [T agof ax- - [(Sag(of dx-Ra, - RA,

ov
.
wWx=04L)=A, A, =009511a, +0.5878a, —0.5878a, —0.9511a, =0
wx=0.6L)=A, A,=09511a, —0.5878a,—0.5878a,+0.9511a, =0

2 2
p,=9"H & p =13.o41”L2EI

crl — 2 crl
r

0 i1=1234

Finite difference method: W //_\

dw . W -W w -w Wi+
d_ — llm (X+11)h (x) ~ (X+11)h (x) —

Ix h—0
dw W, — W )
—| =T =Aw  foreward difference (F.D.)
dX X=X; h 1
dw W.. —W. i x=h xi Xi+h
— |, ¥~ —"=L=Aw centeral difference (C.D.)
dx'™" 2h '
dw W, — W, )
—| ., ¥——"=Aw,  backward difference (B.D.)
dX X=X; h 1

5 Win =W, W= W,
d'w A2 A(A )—A Wi = Wi h h

X=X i W)= -
dx’ h h
Ay = Wit “2W+ Wy N [ TN
1 h2 Wii2 //

3 WiI

d'w ~ Nw = Wi —2W, +2W,, — W,
X=X; i 3

4 ;
dw py o Wer — AW HOW AW, + W i
dX4 X=X i h4 Xi-h Xi Xith




- 1T s |
O . 2hAw, 0O -1 0 1 0
r. - W,
hAw, 0O 1 -2 1 0
343 VVI
2 Aw, -1 2 0 -21
4 24 ‘Mﬂ
h'A'w 1 -4 6 -41
B - - __"Vi+2_
— - __ VVI ]
hAw. -1 1 0 0 O
W,
PANw | |1 -2 1 0 o ™
343 = Vif+2
A w -1 3 -3 1 0
4 A4 W+3
h'A'w, 1 -4 6 -4 1
- h __"Vi+4_
S A Wes
hAw, 0 0 0 -11
242 Wis
hAw 0 0 1 =21
3A3. | Wi B
KA w 0 -1 3 -3 1
4,44 Wi
h'A'w, 1 -4 6 -4 1
L 1L 1w |
Example: r—i % ﬂ
d’w (P ——
+| — |w=0
dx* (EI] A @1
Wf+1_2hV2Vf+Wf-1+y2vv,.:o or:
W, + (1’ =2)w,+w_, =0
l‘i’ ~
Point 1:  w,+(u’h* —=2)w; +w,=0 a—— { H
L
wr=2 = p,=1 -
L
Symmetric Consideration :
) - — g ;
Point 1:  w,+(¢’h" =2)w+w,=0 . L 1 5 -‘3
9EI .
ﬂ2h2:1 — Pcr_ llz @ q‘
Without Symmetric Consideration :
Point 1:  wy+(u’h =2)w +w,=0 Point 2:  w+(¢’H -2)w, +w,=0

p, 9L g p _27E
r

crl = crl = 2
r

(R =Dw+w=0 & W+’ -Dw=0 p'h’-2=% =



Richardson Extrapolation:

2 . o L2
Err=P_,—P och” or: Err~=ch
2 2
L L P, ~mP,
EI’I‘I ~ Papprox_ ‘Pcrl = C(;lj & EI‘I’2 & Pappmx— Pcr2 = {H—2] = Pappmxz #
2 Err.
P.I’/EI
n=2 8 19
n=3 9 9
n=4 9.373 5
n=5 9.549
nl=2 9.8 0.7
n2=3
nl=3 9.852 0.18
n2=4
nl=4 9.861 0,08
n2=>5
nl=2 9.844 0.26
n2=5
Wil
Awj=—#—ZHL(C.D) w TN
(1+a)h /
Wi+]
ey 2w~ o) w +aw,)
1 a(l+a)h’
h oh
Example: el o, Xl
d’w (P P T
+| — lw=0 == 14 I /2]
dx’ (EI)

| L4 | L2 | L4 |
~(+ta)wraw,) . o |

a;(1+a)h;

2(w,

i+1

2.2 L/6 53L/24 L/4 5L/24 L/6
2w, Ha(I+a)u h” =21+ a;))w, +2a,w,_ =0

1 p 0 1 = - I 0 P
S I 4
| L4 | L2 | L4 |

Point 1:a, =125 h=L/6 u =-4P/El =2u | ' |
2w, +(1.25(4)(1+1.25)1° L /36 —-2(1+1.25))w; =0
2w, +(0.31254° L —4.5)w; =0



Pomt 2:a,=12h =5L/24 u,=u
2w, +(1.2(25)(1+1.2)4° L /576 = 2(1+1.2))w, +2.4w, =0
(0.1130°C —2.4)w, +2.4w =0

(0.11302° 2 —2.4)(0.31254° —=4.5)—4.8=0

2 7’ El
0.03534° ~125855+6=0 f=567 P, =0574"
2
P =063" 2L Err:122%
L

for Constant EI and P
P
Wt — [W=gqg
EI
Wiy + (W0 =W+ (2 + O W+ (1 =4y, + W, = gh' EL
For var iable EI and P

(Etw) +(Pw) =q
_ (EIW),, —2(EIW), + (EIW),,,

AN (EIW),

=

. Wm2w W Wig —2W + W, ) Wip —2W, + W
(EIW),, ~ EI, * (EIW), ~ EI;‘T (EIW'),,, ~ EL,, %
N(EIW), = El w_, +(=2El_ +2El)w_, +(El,, —4El + EI, )W, + (2El, + 2El, ) w,,, + EI,, W,

i h4
A(PW’) — _(P“/)f-l/z +(P“/)i+1/2
h
P P

(PW)., = b (=W, +w) (PW),,, = h (=w+w,)
A(PW), = Py =(Pon + Py Wi+ Py W)

hZ

EI_w,_, +(-2El_ —2FEI, +h2}3—1/2)“§—1 +(El,, +4El + El,,, _hZ(R—l/z + P W
h4
+ (=2EI,-2El,, + b’ P, ,) W, + EL,, W, _
h4




Boundary conditions: w_fj\_ :
pinend : ‘ i)

Nw), =0 =0 %2 5w, =—w
h
-1 0 I
fixend : -
. Wi
- W, + W I‘“ I
Aw), =0 oy S0 W =W
I 2 3 4 5
freeend :
d’'w _dw 3 2 212
V)3:EId—)g+P$:O SAw+u Aw=0 w,=2w, +2w, —w+u h (—w, +w,)=0
2 —
M)3=—EIZX2W=—EIA2W:M:0 W= w4 2w,

W = (P h ~2)2w) + 22~ Py, — w

Q) oy 3 gaae (slga gl gy an 1 JSE A b

P
I <=
0
L 1 |
I‘A —\Bl‘_lj
N
2 3

4
Wo_, +(,U2h2 —dDw_ + (_zﬂzhz +6)w; +(,u2h2 —Dw,, +w,,= qih4

Point 1: W_l+(,L12h2—4)%+(—2,uzh2+6)Wl+(,uzh2—4)wz+W3=O
(240 +6)w + (1’ h* =2)w; =0
Point 2: wy +(u*h —4)w + (2K +6)w, + (1’ —d)yw, +w, =0
21K -2)w + (217 H +6)w, =0

(6—2a)’ —2(a—2)> =0

W= —w 42w, a’—8a+14=0 a=4+2

w, = 2(u°h* =2)(w; — W)



Stiffness matrix of a strut: Rayleigh-Ritz method
l

w=ax>+bx%+cx+d,

X = 0, W= U, ='d,
= 0 A= —
l Displacements x=\, W = Uy = ¢,
X

=) i} w=us=al’ +bI? + ¢L +d,
E

s]—-- S x=L  w=ug=3al?+ 2bL +c.
4 —— S, S
Forces and cduples 1 s (2111 = 21&5 : Ll!; * Luﬁ)(Z)
S5

2
X
+ (= 3u; + 3us — 2Lu, — Lus)(—) + Uyx + U,y
Fig. 1.22 Notation for displacements (1) and forces or couples (5). L :

or W= uz(ﬁz(_x)—i— u3¢3(x)+!4‘5¢'5(x) + u6¢6(‘x)

¢, =28 —3¢2 41, ¢3—L( —282+¢), £=x/L
Py = 20 35 ¢s=L(¢* - &),

= 6(¢* — &)L, by = L(3¢% — 4¢ + 1)/L,
Ps=6(-C+ )L, k= L& - 28)/L

L
36
=y r\2 iy 2 2 1 2
DH_‘L [¢2) dx = 2 f {5 ‘Z) dx 1526=ﬁ = —Usg = —UVas, 033=-1—5L=1}66;
361 3 2 -__61 3 £ 61
_—L-J i R i V3= —35° s SE T e

L
6
vas = | ¢3¢3dx_z[ (€ - &3 — 4 +1)dx
s 4
6 [ (324 =78 + 56 — £) de = 4y
b+
The second derivatives of the displacement function are

¢35 = 6(2& — 1)/I2, @53 =2(3¢ - 2)/L,
¢5=6(—2& + 1)/},  ¢§=2(3¢ —1)/L.

gk 36EI
= 2 —_ 12 6EI 4ET
“22= ’ El(@3) dx= * [ (¢ —1)* dx BT =l = el Uy S Sl
S 3651 _ 12E1 2ET 12EI
FE L bss =3 = s

u,,=_[ E1 % dx=—3- | (2¢ — 1)(3¢ - 2) dx

6EI

12 I
E -?|;+2)d§——




Usg = 2 —U35 = —lUsg; U3z = = Ugg;
2E1 12E1
= e,

The forces and couples S,, S;, Ss, S¢ are ‘transverse forces’ in the sense
that they cause the strut to deviate from the straight condition. The potential
energy associated with them is — (S, 4, + Syts 4+ Ssus + Seug)and the corre-
sponding generalized forces, according to the definition used in setting up
Eq. (1.111) and (1.113), are:t

22=5; ;=53 gs=Ss; q¢=Ss, (1.133)

The results (1.130), (1.132), and (1.133) may now be gathered together to
construct an equation comparable with Eq. (1.117):

ke +kgu=S (1.134)
i o s O 6§ 1 6]
LT, 3 I, A T
6 6
6 6 = g 7}
o e EI L L
EI L A L % kEzT s
= : e 5 =S
_g D e B "L B T1
2
iz Ev vl TR R
E 2 _6 4 L E _E il
L - L L i
and u={u, u; us ug); , S={S; S, S5 S (1.135b)

The relationships between the axial forces S,, S, and the axial displace-
ments, uy, u, (Fig. 1.22) are determined solely by the axial stiffness of the
strut, EA: E

EA

S1="F(u — ug) = =S, (1.136)



Equations (1.135) and (1.136) may be combined to give a single result which is
of the same form as Eq. (1.134) except that the matrices are now as follows:

[ ALZ ALZ -0 0 0 0 0 0 —|
T b, D < e s P P
0 R N RSN ) 5 10 3 19
L2 > e
gl © 6L 47 0 . —6L 2P i ¥ .owmnt Y ®
ke =—5 s ok
ETE AP ’ . Az ) 0 0 0 0 0 0
I I 0 _9 £ 0 9 _L
0.« =43 gLt @ A S i =% - 18
<8 6. ‘I © —6r a4 0 1% 3% 0 _% .12_5;_2
u={u; u, uy u, us ugf, S={S; S 53 S, S5 S¢}
(with Axial Force)
EIT Al
My = — |88, + S0, — {Sl n S?}_
£ £
EIT AT 4
My, = T _S}Ha -+ S8, — {S[ -+ 52}@_ l 7 |
¥ Vi (M, +M,, +PAV§
EIf A
M, =ST 6, + COp— (1+C) 7
g 9 S g G(3cos B —sin @)
- - I =9 = -
EI , / 2cos8+8sin3—-2
My, :S-T Cls+ 6y — (1+C) ﬁ B+ '
5-._ S e (sin 3 — 8)
0 ; B(f cosh § — sinh §) a7 = sl = N =
Sp =35 =2—2|:m]'1_3—,|3'si11113 2LL}5'3+'85111'3_2
p=uL

G(sinh § — &)

2—2cosh §—8smh 3




Stability

functions:
_prr
q 7 EI

Tensile. Aol Foecs; (g5 ) Compressive Axial Force, (g > 0):

_ _bsing —d’cos
T 2-2cosdh—dsind

P cosh i — | sinh §
" 2-2cosh{ —Wsinhy

i - _ $* — b sin 4
SC= el III- 50_2—2c05¢—¢sir.d;
2 — 2 cosh & — W sinh @
in which *=-n’g...... in which ¢*=72g ......

- (uL/2)(1 — pL cot uL) _ pL—sinpL
" tan (uL/2) — (uLf2) ° " sin uL — pL cos pL’
EI
k=-l:-.
c
b 5
L P 1 L ! ! I
=12 =10 =5 -6 -4 =2 0 4 6 8 10 ¢
=1
=2
[+
-3 5
—4
q
R Slope-Deflection

] Equation

(with Axial Force)

l (

M, =Sk, &

M, = SkCO, &

a

_ (uL2)(1 — pL cot pul)

~ tan (uL/2) — (uL/2) °
El

=

k

V= (M, +M,, +PA) {

1 M,
E ‘M.-J- /’ “f_\
e r
V| k 00— o 5
| V. Z

) E: N My,
7 Moy a b/_\
M;, = SkC0O, P —ON
i P o
My » q M,
M;, = Sk6, f NN

pL —sin pL e b N .
t e \\ T a-
sin uL — pL cos uL % —r



M7, _—S(1+C)£%

MI=—S(1+ ()£$

Rl ]

M,,=M,,+Sk(0, +C6, —(1+C)%)

M,, =M, + Sk(CO, +86, —(1+C)%

Fix End Moment

(uniform distributed load)

q

”MHH B! Ht

//// 2

f

EIw + Pw=—-M,, —3 +qx2

M,

"_KW

w= Acos ux+ Bsin ux— NII) ()3 Ix——)

@x=0 w=0 ,@x=0 w=0 &@ X:I/2 w=0
2
A:q_] Otﬂ] B _qal M, =-M, :—iﬂs

2Py 27 :2Py * S V)
3 ,ul 3 ,uI
sh (/2 )( 2 g (wad/2) 2" :

AL i " "

M, =M, +M, +M, +M,,
AT / " "
M, =M, +M, +M, +M,,

_gq’
24ﬂ6



Table 2.15 Fixed-end mome
(from Eg. (2.250)), Positive
the beam-column. The functions d,

#=/P[EI; uL = . /P[P,

nts for struts with various types of transverse load
end-moments cause tension on.the underside of

e,f, g are given by Egs. (2.249) and (2.251).

Type of load

Fixed-end moments

Fnaﬂ_ac. q
(HTFTFFTTRTITN, ,

L
M,=M,= Im._n...m?!%no_ hﬂ s

M, =M, = 0 uL

I.Nﬂ_nu._._‘hl

M.= 5 in b~ (1 = cos )

E«.ﬂWT&»Ft&+...._.‘_+3mt3|uh.nowt3

a.umreau sin ub) — e(1 ~ cos i)

x.nm...o.m =S (b +sin ub) + d(1 - cos ub) + pL sin ub)
= q - . .Eu@n _
Intensity ¢ M, = M.uﬂ.rn?u —sin pb) = (1 - cos pb I|W|__
3 TFFTTTRTT) q
[ b i

. nW»
Sumﬂm_m?wlms ETAT§E+.= _

EE
+ pL(1 — cos tEn

Intensity k(x —a)

b —erertiill}

3p3
t.nhha?::mh

E-HM«M_HT?EI c I_:bvlm?lnoat&lmﬁ

" 3 .I_tumvuwﬁ
pyer| ; pb +m? cos ub — —

2 /|
k| wh?

2
+ u?bL — pL sin tuh_

, ; .
ble 2.16 End-rotations of pin-ended struts with various »Wunm Mw mem_“ww o

‘_Hnmmm?.oa Eq. (2.248)) The functions d, e, f, g are given by Egs. (2.

oa !

(2.251). p = «/ P/EL; pL = 7, /P|Pg .

T { load End-rotations (Positive clockwise)
ype o

Intensity g 3 A 3 m 2 Wm
(TR 8 | 6.= ~0,= (e i ~75)

[P
L
TlF ma.ﬂ|mv|m@_|_‘.~ mnnt.wll._;
L

b5+

LT nb}
m.lqmﬂt (1 +e) cos

C l in pb
0,= 5 {1 = (1 =) cos pb = uL sin )

=2 (b4 (1 +e)sin b}
g Ll i

= : m«ﬂl@lﬁ}ta+:15m§ ub + pL(1 — cos pb)}
Pul
4 _|_ 8% | el = cos b))
Intensity g g,= w.nlum == + i |
_llln_.‘|||||v: 8 Iul_lﬁvw + (1 = d)(1 — cos ub) + pL{ub — sin _._3_
] *T Ll 2
) » |
o= .htTulumwu. 4 (1 + e)(ub — sin ub){
) *=PL
ntnsty e DT, | gy K12 s )
Pu°L
a b i~ H
+.=lel+nom_._u|_ i
g,= m,w (@M, + eM,)
_Kn __...mu

[y

1
By= 57 M, + dM,)




Fix End MOment(centralpoint load)

M

fau

. . I ll - /U\
M, =M, = an Mo Ql -
2u 4 2— 7
T Z

S

12
, A Ql B c
M, =M, ——2 tan % | N
ab ba 2,U 4 [ ¢ | 15¢ |
- bl |

Mab = _Mba = 0]304QI Iuab]ab =7 02 = Sab = 37297 Cab = 0555
w1 =045 = 5, =3.3697 c,, =0.644

MAB:MAB+SAB](AB(9A +C 505 _(1+CAB)?_AB):MAB+SABI<AB(0A +C 05 )
AB

_ A _
My, =Mp,+ S,k x(Cip0, +0, _(1+CAB)I_AB):MBA+SABI(AB(CABQA +05 )

AB

My = Spckpc (05 +Cpb: )
Mg = Spokp-(Cpc0p +6: )

M, =—0.1304QI+3.7297k(0, +0.5550, )
M., =0.1304Q1+3.7297k(0.5550, +6, )

MBC:3.3697%(6?B +0.6446,. )

MCB=3.3697%(0.64493 +0. )

M, =-0.1304QI1+3.7297k(0, +0.5550, )=0

M, .+ M, =0.1304Q1+3.7297k(0.55560, +6, )+3.3697%(6’B +0.6446,. )=0

M, = 3.3697%(0.64403 +6, )=0 B=0Ql/k

3.7297 2.070 0 0, 0.1304p8
2070 5976 1.4467 || 6, |=|-0.1304p
0 1.4467 2.2465 | 6. 0



2 2 2
0, =0.0639°L 0,=-005219C 9. —0.0335%L
EI EI EI

M,, =0.0684QI
M, =—0.0684QI

0.06340!
Moment Diagram

By oy |y JSS QB Sl U

@P P P P
C
b
L1, i o 0 :
L
JrC
. . - -d
M,, =sk0
M, =2k0
M, +M,, =(sk +2k,)8 =0
k forl, =1 =1, I =1=1,, s=-2
s:—2?” 2
‘ P, =256"

]2



B Sy |y JSS QB Sl L

P P
m b !
I
{C
| |
a d
A . .
L 1% 1%
M, =6k,0 ~VI,=M,,+M,,+PA=0

Mba+Mbc:sk{@—(l+c)léJ+6kb¢9:0 skc(]+c{0—21é]+PA:0

(9 c

s+6£ 9—s(1+c)é:0
k 1

C Cc

s(1+0)0 - (2s(1+ ) — 1 )Ié -0

[9

Moment distribution method

the stiffness of a strut when the far end is pinned.

s(1 —c?)kd,

— sck@,

P A Ba P
—_— T -
* B
sk@,
+

P . L

s ——

sc? k8, sckf,



Moment distribution method

Gl o4 Caad 'OJ&&J\KJ\.}L}QJ&:\AL’_}MJAQJEJJMLMJSAS&9.‘..4::' ‘r\;.u"' CM\

CL
sk =sk(l-c) $k=sk(I-c)
P 1 2 P
- et — —————
_.-.——r-— —

_l_
/ \ 2 _

e ~ s;:
s =s(l—c)

Moment distribution method

Cal o2& Caal 'u,uMQ)@A&)\KJQQQJ&LbJMJJQJWJJMLMJS‘\S&9..4:;' (A CL\

Sk =sk(l+c) Sk=sk(1+c)

P HEy A 1 = ,..(..—P

[

! ¢
S

_|_
sk
F F
—_— St Sl o
A sck 1



Moment distribution method

Caad Jemda ) (sl (K4S (5 gumc (5 o, Olae 73l

% ¢ b 7
F f 4
+ M
A{ D
a b4y

2 qg=04 5
Examplel: }jf; =0.2°  §=37297, ¢ =05550. |, "4
, E e //
_ — q] R .
b=—M, = _E (sk)p, = 3-7297k \}(/
ZEN 12
_ v ., rad
M,=-M, =-48 (s R)cd_ (s(1 - Cg)k)cd=2.5809k \<’P 1 \\/\/
3.7297 _ 7 N
=7 0483 D, =———=0517 4 ik, 98 3
b 4137297 b 443.7297 S 7o
4 )
= 2.5809 _ 0.392 ), =———=0.608
“ 442.5809 4+2.5899
A B @ D
5 Distribution and
0.555 |0.483:0517 | 0.5 Io.ﬁoa :0.392 0 carry-over factors
0 0 —4.80 +4.80 0 0 Fixed-end momenis
—-146 + -—292|—-18 0
+168 = 43 | 438 o 4ie
~049 .+~ —098 |—064 0
+013 < 4024|4025 -~ 4013
-0.04 <« —008 |-005 - 0
+001 <« 4002 | +002 0
+1.82 +328 | —3.28 +257 | =257 0 Result




Examplel: Ql

P

A
—0-& 2
L,

I

£

15¢ |

Ul =7v0.2 =, =3.7297 c,,=0.555
s,,=3.7297(1-(0.555)%) = 2.5808
yl,. =7v045 = s5,,=3.3697 c,,=0.644
s,. =3.3697(1—(0.644)*)=1.9722
2.5808
Dba =
2.5808+1.9722/1.5

M,, =-M,, =-0.1304Q!
M b0 =0.1304QI(1+0.555) = 0.2027 QI

~0.662 D,,=0.338

0.202701
-0.13420!

-0.068501

B
%
e

THE ELASTIC CRITICAL LOAD OF A FRAMEWORK

(WITHOUT SWAY) f .

/

-

R T S VY

I
4N
Jréi

12

~
!
-

)

Ve

1. Assume a load that is associated with a certain value of P/Pg in the

columns (say P/Pz = 0.8).

Apply an arbitrary couple at a joint such as C (say + 100 units).

3. Carry out a complete distribution of moments in order to determine the
out-of-balance moment which remains at C when the other joints have

been balanced.

tion is converging and the frame is stable; and vice versa.

value at which convergence fails.

If this ‘residual moment’ is smaller than the original couple, the distribu-

. Repeat the process at various loads in order to establish the critical



PPy =038 s = 2.8159, c=0.8330. :
Stiffness ratios: BA: BC =5:4=128159:4 = 0.4131 : 0.5869,
TCB:CD=4:5= 0.5869 : 0.4131.

A B C D

08330 |0.4131:05869| 05 0.5869: 0.4131 | 0.8330

+ 100 * Unbalanced
—-2935 « —58.69 | —41.31 — —34.41 | moment.

+10.10 = +12.12 | 41722 = +861 | +28.66 <« 43441

The residual moment at C is +8.61 + 28.66 = +37.27, which is numerically less than 100; the
process therefore converges.

PiP. = 1.5; 5= 14570, e=1973]. ,
Stiffness ratios; BA: BC =5:4=14570:4 = 0.2670 :0.7330

fCB:CD=4:5= 0.7330:0.2670
A B C D
1.9731 ’ 0.267:0.733 J 0.5 0.733:0267 | 1.9731
+100 “ Unbalanced
—3665 <~ —-733 —26.7 — —=52.68 | moment.
+19.31 - +979 | +2686 - +13.43 | +10395 « 135268

The residual moment at Cis +13.43 + 103.95 = +117.38, which is numerically greater than 100;
the process therefore divérges.




MODIFICATIONS TO THE STIFFNESS AND
CARRY-OVER FACTORS TO ALLOW FOR
FLEXIBLE CONNECTIONS AND FOR RIGID
ARMS AT THE ENDS OF MEMBERS

In Fig. 3.36 the member AB is attached to the adjacent structure by connec-

tions which are not completely rigid. Connections of this sort include those

made by ordinary bolts and by rivets; even welded joints may not be rigid if

insufficient stiffening is provided to prevent local distortions. If the connections

can be regarded as behaving elastically, the stiffness and carry-over factors can

be modified to allow for the movements which take place in the connections.
For the member 4B the slope-deflection Egs. (3.3) are:

Flexible connecticns

M, = k(s0, + sc;), M, = k(sf, + sch,),

where k= E

M, = G,(0, — 0,)-

It will be convenient to write G, = £k, where ffalis a npndinlensignger;:easure
of the joint stiffness. Similarly, the stiffness of joint B is G, = &, k.

M, = £.k(6, — 8.), M, = & k(0 — 0,). (3.64)

Elimination of 6, and 8, from Egs. (3.3) and (3.64) leads to the following.

M, = k(s,0, + (sc}’BL), M, = k(s;,0; + (sc)'8y,), (3.65)
' Sz(l = CE))/
where = (s + _—‘f;__ )
, s*(1 — c’)) /
W= (S i fa i (3.66]
(sc) = sc/p,

s2(1 —c?)

1 1)+
"'““(—*a 5L

¢a

Equations (3.65) are the modified slope-deflection cqu:tion; g}hi;l};;;lﬁ:yﬂ;z
: i t A" an ;
= les M,, M,, to the rotations of the nodes. a
euigdoic;uiny frarnew;rk analysis and they automatically allow for the effects of
the ‘slippages’, 8, — 6, and 6}, — 6,.



3.8.2 Rigid arms at the ends of a member

The member AB in Fig. 3.37(a) is infinitely stiff over a short distaTrlife at ea;l;
end, but has a flexural rigidity ET over the long ce}?'tr}?l'pom}odt;j to1sa§}:;);e v

: k which 15 we

to represent a member of a framewor h s :

2221&; cl;f 1Zul::s.tantial width and with ample local shff;n;ng. The suffgcs;ﬁ%i
carry-over factors may bé'modified to allow for the rigidity of the ends
Stmt’i"he overall length AB is L; the lengths of the rigid po_rti.uns z}.re_a ;ng hbe;
and the length of the central portion (4'B/, of flexural r1g:-:.11ty1 E )nzshi .S -~
slope-deflection equations, Egs. (3.18) and (3.22), dcﬁnedthefrz% ionship
tween the moments, forces, and displacements at the ends o :

s :: q

|
b
" -’T;]

b 4" g,

&)

Fig. 3.37 A strut AB with rigid segments 44" and BB,

M, = k'(s@,, + s5c0, — s(1 + c)% A

M = k'(sﬁ‘,, + scl, — s(1 + c)%) (3.67)
s k' k' m?P\A
§'= —s(1 + c)E(G, + 6,,) +E(2s(1 +¢) — _PT{)E-’
2
; 1
where k' =—EEI, Pg:%.
If the nodes 4 and B are to remain at the same level, then
af, + A + b6, = 0. (3.68)

The rigid arm at the left-hand end is subjected to the forces and moments
shown in Fig. 3.37(b). These include the axial force P, the shear force S’ and the
bending moment M/, (both as defined above, but reversed in direction), and
finally the moment M, which is applied at the node A4. For equilibrium,

M,= M., — aS' — Pa,. (3.69a)
Similarly, at the right-hand end, )
My = M; — bS' — Pbg,. (3.69b)

Equation (3.68) may be used to eliminate A from (3.67). Then M, and M, may
be eliminated by the use of Egs. (3.69). The result may be expressed as follows.

M, = k(0. + (sc}6,), M, = k(s0, + (sc)8,). . (3.70)



where

£ mi[—:{s + o1 + ) {25(1 +c)— PE:] },

EI
L %{s + (1 + B) [25(1 . %ZH (3.71)
(sc) = %{sc +s(1 +c)o+af+B)— Péz D(ﬁ},
and _ k=%, ms%, ﬁ=%

Equations (3.70) are the modified slope-deflection equations which relate
the end-couples M,, M, to the rotations of the nodes A and B when the short
regions at the ends of the member are rigid. They may be used in any frame-
work analysis and they automatically allow for the nonuniformity of the cross-
section of the strut.

The effect of inserting elastic connections at A’ and B’ can be allowed for by
modifying the stiffness and carry-over factors in two stages. First the factors for
the length A’'B’, complete with elastic connections at the ends, are modified by
using Egs. (3.66). Then these modified factors are inserted in Egs. (3.71) to
obtain the final factors for AB. It will be found that the equations can be
used without modification only if the connections at A" and B’ have the same
stiffness.

LR

39 MATRIX ANALYSIS OF FRAMEWORKS

M, =Sk(6, +CO, —(1+ Q%) )

M, = Sk(CO, +06, —(1+C)%)

{ |
Ve Sk(ll+ O) O, +0,)- ( 2Sk(1+ C) B EjA y Vi (M, + M, + PAY

a

r 1

|
e - | [
1 ]u S; = +P
wg |3

]
: !
Cow
‘ Displacements M
S, .

Uy = not defined, §,= 4+ Uz = +4
a 3 as

S;= u; =not defined, Sg= +M,

u6= +a,,.
l Ss="V Us =1, + A Uy — = A,
8y — S Sg=—P Ug = +1ty o P PRI (3.7
- EA LB
S, —— S
2 Forces and cduples 1
y %

Fig. 1.22 Notation for displacements (i) and forces or couples (S).



Member Force-Deformation Relation in Local Coordinates

q=

ETA 0 0
s| | o 132 Sk(1+C) ‘? Sk(l}* 9
S
s g
3 _ 1
s| |_EA 0
% by, P Ski+0)
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0 w SkC
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A stiffness matrix for small axial forces.

The geometric stiffness matrix

4EI 2
B ™
L Bk
6EI P
= —
E 19
2Bl PL
| ¥ e Vi)
L T30
_1EI 6P

t~l o

cos o

A? ’
- L,
0 —12
0 —~6L
AI?
=5 B
0 12
0 —6L
0 0
6
0 =
5
L
0
10
0 0
6
0 =
5
L
o
10
S = (kg + k(;)l]

Iy ZTXCOS(I-l-I‘ySIHOE

I'YZI‘XSII’ICZ—I‘YCOSCX

sina —cosa

% : f (3.77a)

sina

us-

Ug

(3.77b)



Member Force-Deformation Relation in Global Coordinates
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E 0 0 1]]s;

F, Sy
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F S6
Dl dl
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D3 d3
D, d,
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