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fo (1) fp(t) = co(t)

0.5fs(1) - 0.57:(1)
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o fo(t) =k v(t)

f;(f)+ fg(f)+ fs(f) = (1)
mi(t)+ cu(t)+ ku(t)= F(t)




M §/+Cy+ Ky = f(t)
mv +cv + kv = p(t)

m U(t) +co(t) + kv(t) = p(t)
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m i(t) + co(t) + k v(t) = 0 ogos Slg>-]

(3157 ol )l aloleo)

N * “ L2 : ¢
Mu+Ku=0 Lsi')*“ QI i ]
u —U:O

M

ol oo 4l Obsl)y Sl dels Ul

U+ wu =0



v(t) = A coswt + B sinwt

Uo adgl olmle
(t=0) £9,% yloj »o Gi0 bulpls =
u l:lo adgl ey
A=Ug

Uo .
u(t) = —sin et +Uo COS et
)




v(0)

e



u -
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Welded steel frame ¢ =0.010
Bolted steel frame ¢ =0.020
Uncracked prestressed concrete £=0.015
Uncracked reinforced concrete ¢ =0.020
Cracked reinforced concrete ¢ =0.035
Glued plywood shear wall ¢=0.100
Nailed plywood shear wall ¢=0.150
Damaged steel structure ¢ =0.050
Damaged concrete structure £=0.075
Structure with added damping ¢ =0.250
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0 = Cysin (0) + C:cos (0) + %
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Ca= — 2

v= Cw cos (0) — Caw sin (0) = 0
Ci;=0

U= %(1—005 wt)
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DLF = —dmamic _ K — (1-cos ct)
ustatic i
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mi(t)+ ku(t)= p,sin(ot)
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Amplitude, p,
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Total response
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DLF = R(t) = {1 — I_?Q} (sinwt — (3 sinwt)



Magnification Factor 1/(1-p 2]

Response Ratio: Steady State to Static
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mii, (1) + cu, (1) +ku, (1) = —mii ()

r Structural frequency

1

u (1)+2mwu (1) + @ 2% (1) = —u, (1)

I— Damping ratio J

Ground motion acceleration history
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Generalized Elementary Systems

In many cases, the dynamic response of a structure is almost completely
described by its first-mode response, for which the associated frequency is called the
fundamental frequency. If this frequency can be estimated for a MDOF structure, it
can then be represented as a SDOF system and its response can be calculated using
classic solution methods. This frequency can easily be determined for SDOF systems
when its mass and stiffness are known. Typically, however, we come across systems
that have a large number of DOFs for which the frequencies are determined with
numerical methods that can only be used with computers.



Rigid-body assemblies
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FORMULATION OF EQUATION OF MOTION

d’Alembert’s Principle
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ml_‘l
ji“'.fl_
|II
0.75a |
| H lFIfJ
w ______f___‘_ c E
R A -
_ . 0.6a 0.8a
0.75mad
&

ZM& — D
m(0.75a )6 + ma?f + ca*0 +~ma 6 — F(1)1.6a + (2.2a)*k6 =0
2.56maf + caf? + 4.84akt) = 1.6F (1)
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Virtual Work (Virtual Displacements)

By applying the principle of virtual work in terms of virtual displace-
ments to a spring-mass-damper system, subjected to a driving force f (),
we can write the equation of virtual work as

Lir[!'] —my —cv — .h-'] dv =10

Because the virtual displacement cannot be zero, the term in brackets
must be zero to satisfy the work equation, and therefore the equation of
motion (dynamic equilibrium) becomes

mv+cv+ kv =f(r)

5 ClpTrph DpYRE Opne pif p
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For small &(z), sinf(r) = #(1)
sv=x0 and &v=xéf

The equation of dynamic equilibrium can be written as

—M; —fya —fyL+

Multiply by the virtual displacement, §¢, to obtain the virtual work
equation (see Figure 2.5).

2L
SW = 0= —M;80 — f,a30 — [,L50 +f, (?) 56

5 ; b
where M; = —¥0, f,=kat, f; =cL0, and f, = qu}[”.



Substituting into the work equation:

2. - . %X ..
(—%H—t‘L‘H—.&ff"H—J—Pﬂq )3& =)

Because §¢# # 0, the quantity in parentheses is equal to zero.

The equation of motion becomes

¥ i
ml.=

? I-
04 cl?0 4 ka’ = rrirp”{!}




' N=px
plx,1) = p = f(1) Hinge Wﬂightless rigid bar EH
f m, , Ja
A =" : -—ﬂ’" “

_f.s" N
-LQ'_
= ¢y m "’ k, =10y k,

L%%+++
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BB'(t)

DD'(t)

3Z(t)/4, FF'(t)

2 Z(t)/3,



Weightless, rigid bar EH

fp,(t) =my % Z(t)=m L % Z(t)=2am Z(t)
1 mL L? 4

MJJ(}()_JIE {”_ﬂﬁ {f}—gu m Z(t)

2
[ () =m2 3 Z(t) N

plx.ny=p-f) Hiiiie

. l /.f my, j

”Bif}—-—Jz:E-Z{ﬂ s

. ; H
4 iE'El'_'__}?b_'_' £ E o8
J £ . ict m %—A—l 0y k,
x 4 :

N

The externally applied lateral load resultant is
p(t)=8pa f(t)

In these expressions, 771 and J denote reference values of mass and force, re-
spectively, per unit length and f(f) is a dimensionless time-dependent function
which represents the dynamic load variation.

L



o e BE B e B 2Z(t) 2
- F{t Z(t) 62 3 3
= 87 — — G Z() 6% — ki < Z(t) - 82
J2 30 1 g 4 co Z(1) 1 1 (f) 1
Z(t) b _ 2
~ ke =~ = —|—8puf{t]§éZ—D

which when simplified becomes

am 4 J2 :
[(am+ 3 = g?ﬂ-g—l— g)Z(f}—l— (16 —l—cg)Z{f}

9 ks 16 _ N
(Eﬁl + T)Z{t} - paf(t)| 6Z2=0
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4 4 ' . C -
(EﬁﬁH— g'i’ﬂ.‘.g 4 %) Z(t) + (ﬁ —I—Cz) Z(t)

9 k 16
; (Ekl 4 g) 2(t) = % paf(b)

This may be written in the simplified form

m* Z(t) + ¢ Z(t) + k* Z(t) = p*(t)

??1*—4?_-:1—1—4?11 -{—jﬂ ot 1-:' +e
T3 g 4 gg2 B T ik
9 1 16

k™= —k — k 1) = —»p t
kit gk p*(t) Bpﬂf(]
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EXAMPLE = [.— Calculate the natural vibration frequency of the rigid bar supported
by a pivot at point A and by two springs with stiffnesses &, and k- as well as by a
. The linear mass of the

damper with damping constant ¢; as shown in Figure

rigid bar is m. A dynamic load is applied at a distance of 3/4/ from support A on
concentrated mass m ;. Assuming small displacements and using displacement z(¢) at
point B as the generalized coordinate, write the equation of motion for this elementary

generalized system.

*—I-H:

Mass per unit length m_ B ==

Rigid bar_

Al s \ )
i _ _ _ = _ ‘xuf _
=N (J ,”11
1l €4 Eﬁl
1/4 /4 ‘ /4 1/4

16
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SOLUTION.— Since AB is rigid, the rotation about point A 1s the only possible
displacement. Consider the generalized displacement z(f) that represents the
displacement of point B. z(%) also represents the rotation about point A because, for
small displacements, #(t) = z(t)/l. In that case, all displacements can be expressed
in terms of z(t). The forces acting on the system are the restoring forces fg and fg-
in springs k; and k5 that are equal to

2(t)

Js1 =k 5 Js2 = koz(1)

the damping force in the damper ¢; that is equal to
(1)
4

and the inertia forces of concentrated mass m, and distributed mass m that are equal
to

fm — €3

fn= mlgi"(f), filz)= ?ﬁ,i-“'(t)%.
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The equation of motion of the system can be found from the virtual displacements
principle. Equating to zero the work done by all forces during an arbitrary virtual
displacement dz, we have

2(t) 9z 2(t) 4z 3
6I/V——14 4—;112 2—??114() 0z
Lo - 3 .
— koz(t)0z — / m—2(t)dz—dz+ p(t)= 0z =0
0 [ [ 4
from which

ml 9 . o O k1 3
— 4+ — t — ) 2(t — + ko | 2(t) — =p(t)| 62 = 0.
(5 +5m) 20+ (55) 20+ (5 + k) 50— 3p00)
Since 0z is arbitrary, the terms in brackets must be equal to zero. We get

ml Ky

that can be expressed as

18 mE(E) +ez(t) + k‘~( ') = D) esgmion obits ots f b



This is the equation of motion of the elementary generalized system in which

ml 9
m = 3 lﬁml
= Cq
e —
16
= Izi'.l
k=—+%k
3T
3 3
p(t) = Zp(f)

where m is the generalized mass, ¢ is the generalized damping, k is the generalized
stiffness and p(t) is the generalized dynamic load. All these generalized parameters
were computed with respect to the generalized coordinate, z(?). The natural frequency

of the generalized system is
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i; 12(k1 + 4k,)
m 16ml + 27m,

and the damping ratio is

c o 61/4
oEkm (ki +4ks)(16ml +27Tm,) /3
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/ Rigid massless bar

= Rigid uniform bar
k k / (Total mass = m)
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. Torces a:f!inj over the aga:l'.arm :
plt)
Joi=-kwmlxi=e,8)=-k L Yoy
S =k Lo c=20,0) + v (xe=ez , )] =4[ Y1) 4 202
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2 VlEt:ﬂ: le"z,:)(ﬂz (£/2) =-k [_f{{-{_}_f.&'_f{}] (2/2)
j‘(lltr:a =4, G4zl =¢ Z(t) (- &/2)

£_’"_ 2 (£)
(2. /5

,rlIa :_-Ln':‘;( . =1

o= -gk Y1+ 2W]L - FermL - tmiae (B)
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From @: H{{}:-—E{l[{}-i—%% 1 @

¥

¢, k= Lt, pEl=-p@

v
3
i
&l
e
i
M

8
2

24 CpTrpTh OpKYBF opnB pif p



Flexible system

The rigid bar in the preceding example had a single deformation mode and could
therefore be represented by a SDOF system. On the other hand, systems with variable
mass and flexural stiffness have an infinite number of DOFs. If we assume that such
a system has a single deformation mode during vibration, they can, however. be
reduced to a SDOF system. Let us consider the cantilever illustrated in Figure
with mass per unit length equal to m(x) and flexural stiffness equal to FI(x). Let
us also assume that the beam is subjected to a dynamic load that can be expressed as
p(xz.t) = f(x)g(t), where f(x) is the spatial variation of the load, which does not
vary in time, and g(t) is the dynamic variation of the load in time.
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We assume that the deformed shape of the beam, u(xz,t), can be expressed as
follows:

u(z, 1) = ¥(z)x(1)

where (x) is a time-independent shape function and z(t), called generalized
coordinate, is independent of x. The displacement of a convenient reference point
of the system is usually selected as a generalized coordinate, for example the free end

of the cantilever beam shown in Figure t. The shape function is the dimensionless
ratio of the displacement at point = divided by the reference displacement
ile, T)
2(t)

The choice of function (z) in effect reduces the continuous system to a SDOF
system. This function must at least satisfy the boundary conditions, i.e. © = 0 and

du/dz =0atz = 0.

7 CrpTFpTh OpWRF oprB pif p



Using this equation, the basic relations may be expressed as follows:

v(x,t) = ¥(z) Z(t) 0" (z,t) = ¥"(z) Z(¢)
v'(x,t) = ¢ (x) Z(t) Sv(x,t) = (x) 02

v (z,t) = 4" (x) Z(t) o' (z,t) = (x) 62
i(x.t) = v(x) Z(t) 0" (z.t) = ' () 6Z
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Using the virtual displacements principle, we can find the equation of motion for
the system. This principle states that a system is in equilibrium if the virtual work of
external forces 0Wg is equal to the virtual work of internal forces dWW; when it is
subjected to a virtual displacement field du(x) that is compatible with the boundary
conditions. Let us apply a virtual displacement field to the cantilever beam which 1is
compatible to the selected shape function, du(xz) = (z)dz. The virtual work of the
external forces is equal to the sum of the virtual work of the applied loads and of the
virtual work of the inertia forces during virtual displacement du(x). The virtual work
of the applied loads is expressed as

5wf:/; (. 8) Bulz) /f

The virtual work of the inertia forces 1s

[
oWy, :/D fr(z,t) du(x)de
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m* Z(t) + ¢* Z(t) + k* Z(t) — ke Z(t) :p;ﬁ{f]

where
L
m' = [ m(x) (xz)? dr = generalized mass
0
L
& = f EI(x) v"(x)* dr = generalized damping
0
L
EF = / EI(x) ¢"(x)* dr = generalized flexural stiffness
Jo
L
k. =N / W' (x)* dr = generalized geometric stiffness
Jo
L
Poglt) = —0,(t) [ m(x) v(x) dr = generalized effective load
A D
m* Z(t) +¢* Z(t) + k7 Z(t) = pte(t)

in which

=k -k

is the combined generalized stiffness.



find the expression for the critical buckling load, N,,. of the system by making the
generalized total stiffness term equal to zero. We then have

l
f El(z)(¢v"(z))’ dz
Ner = =— : :
/ (¢'(2)) de
0
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Elementary generalized system

Any system for which the fundamental deformed shape can be expressed as the
product of a coordinate z(?) and a shape function /(x) can always be reduced to the
following form:

mE(t) 4+ 2(t) + kz(t) = p(t)

where the generalized coordinate z(7) is used to express the displacement u(x,t) as
follows:

u(z,t) = Y(x)z(t).
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m= f ﬁ’t.{.-r}(*g;"! *dzx + Z m? + Z Toi(u

o 0

!
Ez/f{l]t,r dr—l—Zcu
Jo

- { 2
ﬁ‘:fn x)(y(x))” dJ—l—[EI{.: (v d..r—l—z.ﬂ,ir,-.

plt) = /U.p(:.-:. t)y(xr)de + Zp,-{t)-y}!-.

If a distributed longitudinal force, N (), is present, we can calculate a generalized
geometric stiffness that is expressed as

Fo = / N(z)(¢/'(x))" dz
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u(x,t) =w(x)-Y(r)

u(x,t) = w(x).Y(?) ou(x,t) = w(x).0Y (1)
u"(x,t) =w"(x).Y(1) olu"(x,1)] =w"(x).0Y (1)

P il gl g lre U5 dolas o wolio (wl g,)l05 > L

. H A - H
Y,[;. M (x)w* (x)dx + Y‘L EI(x)w"" (x)dx = —u, (r)L M (xX)w(x)dx

GRPE P I

Wb Obh Su e ]
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¥ - X - % % -
MY+CY+KY=-Lug
M= f M () (x)dx
C= f C(x)wdx

#

K= f EI(x)w" (x)dx

E = LH M (x)w(x)dx
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*

P(x) =1—cos Y7

m- = /
0

L
m” :ﬁ/ (1
0

= [
0

T

F

L
m(x) (x)? dr

T 2
O — ()99 75 T,
COS QL) dr = 0.228 7 L

1
El(z) ¢ (x)? dx

L 2 P 4
il Ty = m EI
Y= FE1 — cOsS— | dr =
[) (4L2 o QL) EEETYE
. L
L :/ m(x) V(x) dx
0
T o —
1 — cos E) dr = 0.364m L

L= m /OL(
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MY+KY =—Lu,

02908 1 L Y+

4
S 0.364 T L #,(t)
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(x) =1 — cos =

2L

which satisfies the geometric boundary conditions /(0)

L o
'm*:ﬁf (1—cos22) de=0.2287 L
. 2L

2

L a2 LT E]T
. T s T2 g BT
& —alEI‘/‘ﬂ (41[.2 c::;-sz) dr 95

e T T EI

L 2
Er=EI /[; (m EDEE) dy = Ve

L 9 2
: T . mr\2 N
A'G_N‘/‘D (E blﬂﬂ) d‘L—H

L G
pﬂff{f’) = —Tm iy(t) '/D. (1 — COS %) dr = 0.364 7 L v,(t)

Z(t)+

N?Tz

(U.QQSmL) Z(t) + (

g a; 7 E'I) ; (TTJ‘ El
3213

32L2

8L

) Z(t)

= —0.364m L v,(t)
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Discrete system
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u(t) = z(t) = Pz, sinwt

where z,, is the amplitude of motion of the generalized coordinate z(t), and w is the
fundamental vibration frequency to be determined. The velocities of the concentrated
masses of the system are expressed as

u(t) = wyz, coswt.
The deformation energy of the system in free vibration is

1 TR
V= 5 Z k: (i — ui—1)?
=1

where u; — u;_; is the relative displacement of floor 7. The maximum deformation
energy is obtained when vector u(t) reaches its maximum value

1 - mn
Vinax = Ezjr Z ki (%i — ¥ia }2 .

=1
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The kinetic energy for the system in free vibration is expressed as

1 T B
,’Czignn{u;} ;

The maximum kinetic energy is obtained when vector u(t) reaches its maximum value

mn

1
2.2 1,2
Ko = Em z5 E my;.
=1

The frequency of the system is obtained by equating the maximum deformation and
kinetic energy, that is

- n ! : 2
2 _ Kk _ Y ki — i)

bl —

== n o,
m Z;‘:l m; v
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CLPL IS,

(b) MID H/D
18 <H/DLS

(x) = x/H

~—D—  y(t)

v(x,t)

R (c) HIGH H/D

H/D > 3
¢(x) = 1-—- Cosg_ﬁ
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Rayleigh method

The Rayleigh method is based on the principle of energy conservation and
therefore applies to a conservative system. In his book Theory of Sound [RAY 45],
Lord Rayleigh was the first to propose this method which relies on the selection of a
displacement function that is close to the fundamental mode shape of the system. He
showed that the vibration frequency obtained from such a deformed shape was always
larger than the true fundamental frequency. We will first show the trivial application
of this method to an elementary (SDOF) system before we apply it to continuous and
discrete systems.
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i i 2u\’

i
Vipax = ,133 f EI(z)(v"(z))* da.
‘2 0

i
K= %/ﬂ m(x)(i)® da.

Since Viax = Knax for a conservative system, we get

i
N S
e :quf(I}(b (x))" da

| 2

[ vt a
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Selection of a displacement function

(2) - plz)=m(z)g (c)
,: T
T 1T 1T ¥ I ¥ 1T Y T 0
— - : . |
ug () p(z)=m(z)g
\Hi..
(b) _ pla)=m(z)g
y
L F ¥ ¥ 1r *r r®r 9 "T
“uy ()
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EXAMPLE — Calculate the fundamental frequency of the simply supported beam

o~ ult) =9z 2(1)

- " [H(z) = Bl m(z) =
I

SOLUTION —
1. We first assume a parabolic displacement function that is expressed as

=5 (51

and which satisfies the boundary conditions ¢'(z = 0) = ¥’(x = [) = 0. The second
derivative of the function with respect to x is
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According to [11.37]. the maximum strain energy is

1 1 b9
x==22[ El(z de = =22FI hl
z“[ (2)" da g% /D(zﬂ

From [11.39], we get the maximum Kinetic energy

1
K = ‘1—2334:2 / ?ﬁ-(;]?)('{f-‘(;l‘]]zdl‘
Jo

> =
= %zfu%ﬁ/m [? (— - )] dr = Ez ME%
Writing Vipax = Knax, we find according to equation [11.40]
,rr .
/ El(x)(v"(x))" da _ 120EI

[ A W) A

S

from which

ET
(' =1310.9545¢ [ —-.
o mil?t
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2. We now assume a sinusoidal displacement function, expressed as

(x) = sin (?)

which also satisfies the boundary conditions /(2 = 0) = (& = [) = (. The second
derivative of this function with respect to x is

2

()= —?—2 sin (T-) .
Using equation [11.37], we get the maximum deformation energy
1 : : N B T 1
Vinax = 52 3/ El(z)(¢" ()’ do = S22El— fu sin ( : ) de = 27 ﬁEf
From [11.39], we get the maximum Kkinetic energy
I i e
g = %zgwjfu m(x) (v (x ]) dr = %z‘? wim /ﬂ gin? (T:—I) dr = %zfuz%.
Writing Vi = Kpnax We find according to equation [11.40]
{
f EI(z)(¢(x))" dz
' El El
w? =2 ; = 7t — = 97.4091 —
3 mi* mi?
/ﬁll{q:](g‘:(.r)} da
Jo
= 9.8696 i
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16z,

P(x) = 30 (Po—22° +z*)
T
T IR IR
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where z, = 5pl*/(384E1). 1)(x) satisfies the boundary conditions ¥/(x =
’(x = 1) = 0. The second derivative of the function with respect to x is

1922 x(l — x)
-~ % °

t,'-'l*‘”{z-'} —

According to equation [11.37], the maximum deformation energy is

i
Vinax = %33 EI{E}(E’”{I})JCII
<0
1, L1922 z(l—2)\? 3072 z2E1
= 222F] B ciica s dg = —=—Zo
5% [ﬂ( RN T 15 B

From equation [11.39], we get the maximum kinetic energy

s &
Ko = 5200 / (z) (@) ds
0
! 2 :
= %zﬁwi 7 ./u (%HSR‘ - 2Az* 4 ;3:‘1}) dr = %ﬁgzngﬁtf.
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Writing Vipaxy = Knax. we find using [11.40]

3024 EI El
Y __: P
W= = oy

from which

| ET
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2. We assume a displacement function equal to the deformed shape of the beam under
a concentrated load p = mg applied at midspan as shown in Figure

1}’3

Figure 11.10. Deformed shape of a uniform simply supported beam subjected to a
concentrated load applied at midspan

We will use the following displacement functions:

‘%‘ (3122 — 42%) for 0 <z <1/2
o) = !
2 (1 + 90z — 1202 + 427) for /2 <z <1

where z, = pl®/(48E1T). () satisfies the boundary conditions ¢)(x = 0) = ¥(x =
) = 0. The second derivatives of these functions are

_%I for 0 <x<1/2
L"r”{g_'} —
' 24z, .
~2(~a) for [/2<x <L
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The maximum deformation energy is

1 i
Vi = 5 [ EI@)(0"(2)) d
0

1 VAT e TP LT 24z, 2 2EI
- EESEI / — 2 dr —I—f_ T (l—z)| de ]| =24 T
Jo 1/2 :

The maximum kinetic energy is. according to [11.39].

I &

I 2
+ [I [F (=12 + 9%z — 1212? + 4;.-3)] d;r) = —zgwiml.
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Writing Vi = Ky we find,

1680 ET El
W= L — 088
17 mi? mi?t

from which

| ET
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(x) ¥ Error. %
% (% - 1) 10.9545 10.99
j—; 3Pz —42%), 0<x<l1/2 9.9410 0.72
’;—; (=13 + 9Pz — 1212® + 42%) |, 1/2<z<I
1;? (Bz — 21z° 4 z*) 98767  0.07
abn (ff:"—') 0.8696  0.00
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1 1 *
Vinax = _f p(x)ua(z)de = Egzﬂ/ m(x)y(x)de
0 0

Since Ky = Vipax, We obtain

/U: i) () d fuf il e
o — & '
/ ?ﬁ(at](-g'!{;r])zd.r ./D ﬁt{r](ud{x}]zd;r

0

g
T
Zo
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When using concentrated loads to determine the deformed shape of a distributed
mass system, the maximum strain energy is expressed as

1 |
Vinax = j ij u‘d('rj} - Ezo Z?}J 1-":"[.‘1‘})
3 Jd

Kiax = Vinax. we have
5 1

ZPJ U(x;) ZP;:’ uq(x;)

Zs /: ?TI(«I-‘)(.{;"!I:;I'))E dr ./[: ﬁl{;r)(_-u.d[lf})zdl’
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) ey |
Esmax - T Ku max ,.‘;.;)S QS))"‘
T \ M ! ‘: RS - & .
Ekmmz“T' U max Wﬁ)ﬁ‘
H \ AR o *
ok 555 550
H \ PR & 5
Ekmax =J —T— m(x) [umax(x)]Y dx e CP P o

Unax(® 1) = W)Y ()
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cu=‘-—-
M

H i
J El (x)y Y(x)dx
CI)T: 2
H
J m(x)y' (x)dx
N
Y K@)
X . L=

0O S 0 35 yienirrond

S © 32 i

Sl 05l ool aly dalo 51 18550 o)) pats g (80 Aales
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H
J m(x)u(x)dx

.,
o' =g— r
f m(x) u(x)] dx
N
)
i — )
W' =g-
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Response spectra



SO0 3T 42 38 Y s

— v(r)

m — (1)

k @) @)

m U(t) +co(t) + kv(t) = p(t)

Uo+U . 1 | .
0+ Uo g Sin gt +Uo COS wpt)e ™ + —— j p(t)sinw, (t—7)e=""dr
@, My 5
| J
|

J.obg.g.o Jbiﬁ‘

u(t) =(
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mlii, (1) +ii, (1)]+cu, (1) + ku(t)=0

mil (1)+cu (t)+ku(t)=—m i,(1)

p (t) :—nulig{f‘)



mii (1) +cu () +ku () =—mii (1)

u (1) + Ez?r (1) + Ez-f.,, (1) == (1)
m m

c koo
—=2¢w — =
m m
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S (@,&)=[u@®)] , = |ijug (r)sinw (t—7)e " dz
W 0

max

displacement response spectrum (0w i Zwl b)) b JIbul>

PSV =S, (w,&) =[u(t)] ., =

t
- j Ui, (r)cos@ (t—7)e " ds
0

max

pseudo-velocity spectrum (ce v al) b o g

PSA=S, (@, &) =[it)] . =|o jug (r)sinw (t—7)e*"""dz

max

pseudo-acceleration spectrum (Gl anis) b Ol

W, =o\1-E° =




t
u(t) = ij.ug (r)sin W, (t _ T) e—é‘a)(t—r)dz.
@y o

t
u(t) =- j U, (r)cosa, (t—7)e " dr @
0
t
U(t) = o ,[Ug (r)sinw, (t—7)e " dr @
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Response spectra for the north-south component of ground motions re-
corded at the Imperial Valley Irrigation District substation, El Centro, California, during
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Median (50 percentile) One Sigma (84.1 percentile)

Damping, &
[%} (= 3] ¥y 06y o4 Ky (v g
1 3,21 231 1.2 4.38 33K 2. 73
2 294 203 1.63 366 292 242
5 212 1.65 159 271 230  2.01
10 .64 137 1.20 1.59 1.84 1.69
20 1.17 108 1.01 .26 137 1.38
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for firm ground, are used. For @iz, = lg, these ratios give uy,, = 48 in.J/sec and
ng —_ 36 i'lL
The design spectrum shown in Fig. 6.9.4 is determined by the following steps:

1. The peak parameters for the ground motion: l,, = 1g, u,, = 48 in./sec, and
U., = 36 in. are plotted.

2. From Table 6.9.1, the amplification factors for median-plus-one-standard-deviation
spectrum and 5% damping are obtained: wy = 2,71, @y = 2.30, and op = 2.01.

3-5. The ordinate for the constant-A branch is A = 1g x 2.71 = 2.71g, for the con-

stant-V branch: V = 48 x 2,30 = 110.4, and for the constant-D branch: D =
36 x 2.01 = 72.4. The three branches are drawn as shown; they intersect at
T. =0.66 sec and T; = 4.12 sec.

6. The line A = lg is plotted for T, < 35 sec and D = 36 in. for 7, > 33 sec.

7. The transition line b—a i1s drawn to connect the pont A =2.71g at T, = % sec to
figo = 1g at T, = 3; sec. Similarly, the transition line e—f is drawn to connect
the point D =724 at 7, = 10 sec to uy, = 36 in. at T, = 33 sec.

200 T T T — T 7y
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Spectral Acceleration
Maximum Ground Acceleration

Total number of records analysed: 104

I I I
Spectra for 5% damping

Soft to medium clay and sand —15 records

Deep cohesionless soils (>250ft) —30 records

Stiff soils conditions (<150ft) —31 records

Rock —28 records
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